
SQ28 - Spring 2017

Partial credit will be assigned based upon the correctness, com-
pleteness, and clarity of your answers. Correct answers without
proper justification will not receive any credit.

Exercise 1 (Benoı̂t and the mosquito). Benoı̂t has a hard time falling
asleep when there is a mosquito in his bedroom as it will fly near
his ears from time to time. Denote by X a random variable that
represents the time Benoı̂t needs to fall asleep and by Y the time
before a mosquito attack. Assume that:

X ∼ E(λ) and Y ∼ E(µ),

where λ, µ ∈ R+. Assume also that X and Y are independent.

1. Show that the exponential distribution is memoryless, i.e. for
all s, t > 0:

P(X>s)(X > s+ t) = P(X > t)

2. Does the model seem legitimate?

3. One can show that:

P(X < Y ) =

∫ +∞

0

P(X < y)µe−µy dy.

(a) Compute P(X < y) for all y ∈ R+.

(b) Deduce that:

P(X < Y ) =
λ

λ+ µ

(c) Give a similar result for P(Y < X).

(d) Deduce P(X = Y ).

4. From now on, we will assume that there are 20 mosquitos in
Benoı̂t’s bedroom and that the times of the attacks are still ex-
ponentially distributed with parameter µ. We will also assume
that the attacks are mutually independent and that Benoı̂t has
ninja skills: he kills each mosquito after its first attack. The
aim of the following questions is to give a confidence interval
for µ. Denote by (X1, . . . , X20) the times of the attacks.

(a) One can show that if (X1, . . . , Xn) is a random sample of
E(µ) then:

µ×

(
n∑
i=1

Xi

)
∼ Er(n),

where Er denotes the Erlang distribution. Find α and β
in the Erlang table1 such that:

P(α 6 Er(20) 6 β) = 95%.

(b) Deduce a confidence interval at a level of 95% for µ.
(c) As Benoı̂t couldn’t sleep last night with his 20 mosquitos,

he took the time to write down the times of the attacks.
The empirical mean he observed was x̄ = 5.2 minutes.
Give the corresponding observed confidence interval.

Exercise 2 (Scilab). In this exercise, you will write a program to
estimate the probability P(X < Y ) from exercise 1. This exercise is
independent from exercise 1. If you don’t remember the synthax of
a command, just write it in plain english.

1. Write a Scilab program that takes two parameters λ and µ and
simulates X and Y where

X ∼ E(λ) and Y ∼ E(µ)

Your program will output 1 if X < Y and 0 otherwise.

2. Write a program that gives an estimation of P(X < Y ): on
what result from the course is this estimation based?

1the Erlang table works exactly like the one of the χ2 distribution, you will find
it on page 2.



Exercise 3. Damien has a deck of 32 cards. He decides to draw 5
cards at once (randomly).

1. What is the probability that he will get exactly 2 queens and
one king?

2. What is the probability that he will get at least one king?

Exercise 4. Let a ∈ R and let f be the function:

f : R → R

x 7→


a if 0 6 x 6 1,

2a if 1 < x 6 2,

0 otherwise.

1. Plot f .

2. Find a such that f is a probability density function.

3. Let X be a continuous random variable with pdf f .

(a) Compute P(X 6 1).

(b) Compute E(X).

(c) Compute the cumulative distribution function of X.


